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Introduction 
In the present paper we will use a generalized the Bochner technique which is based 
on extensions of the classical theorem of divergence and the maximal principle to 
complete, non-compact Riemannian manifolds. We will apply this technique to prove 
Liouville-type theorems for complete, non-compact Riemannian doubly twisted and 
warped products manifolds. We recall that warped products provide are natural 
generalization of direct products of Riemannian manifolds. The notion of warped 
products plays very important roles in differential geometry and in general relativity. 
For example, we recall that many Riemannian manifolds of nonpositive sectional 
curvature are obtained by using warped products. On the other hand, we recall also 
that many basic solutions of the Einstein field equations are warped products. For ex-
ample, the well known Schwarzschild’s vacuum model and Robertson-Walker’s ex-
panding model of universe in general relativity are warped products. On the other 
hand, twisted products provide another natural generalization of direct prod-
ucts. The definition of twisted products extends the notion of warped products 
in a very natural way.  
Theorems which we prove in our paper generalize and complement similar well 
known results for compact doubly twisted and warped products manifolds. In 
addition, we consider an application of our results to the theory of projective 
mappings. 
 
1. Doubly twisted products manifolds  
Let and ( )11 g,M  ( )22 g,M  be two Riemannian manifolds, →× 21: ММiλ  ℝ be a 
strictly positive differentiable function and ii MMM →× 21:π  be a canonical or natu-
ral projection for an arbitrary i = 1, 2. Then the double-twisted product 21 21 ММ λλ ×  
of and  is the differentiable manifold M =  equipped with 
the Riemannian metric  defined by the following equality  
( )11 g,M  ( 22 g,M ) 21 MM ×
2
2
21
2
1 ggg λλ +=
( ) ( ) 2222211121 ggg ∗∗ ⋅+⋅= ππλππλ oo , where * denotes the pull-back operator on ten-
sors (see [1]). In this case the functions 1λ  and 2λ  are called twisted functions. In par-
ticular, for 1λ = 2λ  = 1 we have the direct product ( )2121 gg,MM ⊕× . 
Leaves M1×{y} =  and {x}× M( )y12−π 2 = ( )x11−π  are totally umbilical submanifolds  
of  (see [1] and [2]). Therefore, the doubly twisted product 21 21 ММ λλ × 21 21 ММ λλ ×  
carries two orthogonal complementary totally umbilical foliations. If we denote by 
ii TMTMTM →×∗ 21:π  the natural projection then the vector fields 
( )1log2 λπξ ∇−= ∗V  and ( )2log1 λπξ ∇−= ∗H  are the mean curvature vectors of these 
foliations (see [1] and [2]). The converse is also true in the following case. Namely, 
let (M, g) be a simply connected n-dimensional Riemannian manifold and V and H be 
orthogonal complementary integrable distributions with totally umbilical integral 
manifolds. If the maximal integral manifolds of V are complete and dimV = m ≥ 3, 
then (M, g) is isometric a doubly twisted product of two maximal integral manifolds 
of V and H (see [3]).   
We have proved in [2] that the following relation is satisfied on   21 21 ММ λλ ×
( ) =+ HVdiv ξξ 22mix 11 HV тп тпттs ξξ − −−− −− .                          (1.1) 
In this formula smix is the mixed scalar curvature of 21 21 ММ λλ ×  which defined as the 
scalar function 
( )∑ ∑
= +=
=
m
a
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m
a EEs
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α  
where  is the mixed sectional curvature in direction of the two-plane ( αEEa ,sec )
}{ απ EEspan a ,=  for the local orthonormal basis { }mEE ,...,1  of the vertical distribu-
tion V  and {  is orthonormal basis of horizontal distribution H at an arbi-
trary point of  (see [4, p. 23]; [5]). It is easy to see that this expression is 
independent of the chosen bases. 
}nm EE ,...,1+
21 21 ММ λλ ×
Further, taking ( )1log2 λπξ gradV ∗−=  and ( )2log1 λπξ gradH ∗−=  in (1.1), we find 
that 
( ) ( )( ) =+ ∗∗ 21 loglog 12 λπλπ gradgraddiv  
= ( ) ( )221112mix log,loglog,log 11 λλλλ ∇+∇+− ∗∗ −
−−− gradggradgs
mn
mn
m
m     (1.2)          
where  
( ) ( )1212112 log,loglog,log λπλπλλ gradgradggradgradg ∗∗∗ = , 
( )221 log,log λλ gradgradg∗  ( )2121 log,log λπλπ gradgradg ∗∗= . 
Let  be a complete, noncompact and simply connected Riemannian 
manifold such that 
21 21 ММ λλ ×
( ) ( ) ( gMLgardgrad ,loglog 121 12 ∈+ ∗∗ λπλπ ). We recall here 
that  for a smooth vector field X on a connected complete, noncompact and 
oriented Riemannian manifold (M, g) if 
0=Xdiv
( )gMLX ,1∈  and div X ≥ 0 (or div X ≤ 0) 
everywhere on (M, g) (see [6] and [7]). In addition, we also recall that every simply 
connected manifold M is orientable. Then for  ≤ 0 from (1.2) we conclude that mixs
11 C=λ  and 22 C=λ  for some positive constants C1 and C2. In this case 21 MM ×  has 
the metric . A doubly twisted product  with twisted 
functions 
∗∗ ⋅+⋅= 222121 gСgСg 21 21 ММ λλ ×
1λ = C1 > 0  and  2λ = C2 > 0  can be considered as a direct product 21 ММ ×  
of ( )11 g,M  and ( )22 g,M  for 1211 gСg =  and 2221 gСg = . Summarizing, we formulate 
the statement which generalizes a theorem on two orthogonal complete totally 
umbilical foliations on compact Riemannian manifold with non positive mixed scalar 
curvature that has been proved in [2] and [8].  
Theorem 1. Let (M, g) be a doubly twisted product 21 21 ММ λλ ×  of some Riemannian 
manifolds  and ( . If (M, g) is a complete and oriented Riemannian 
manifold (M, g) with nonpositive mixed scalar curvature  and 
( )11 g,M )22 g,M
mixs
( ) ( ) ( )gMLgardgrad ,loglog 121 12 ∈+ ∗∗ λπλπ , then the twisted functions 1λ  and 2λ  
are positive constants C1 and C2, respectively, and therefore, (M, g) is the direct 
product  of 21 MM × ( )11 g,M  and ( )22 g,M  for 1211 gСg =  and 2221 gСg = . 
If  is a well known Cartan-Hadamard manifold (see, for example, [9, p. 
90]), i.e. a complete, noncompact, simply connected Riemannian manifold of non-
positive sectional curvature, then the above theorem yields the next  
21 21 ММ λλ ×
Corollary 1. If a Cartan-Hadamard manifold (M, g) is a doubly twisted product 
 such that 21 21 ММ λλ × ( ) ( ) ( gMLgardgrad ,loglog 121 12 ∈+ ∗∗ λπλπ ), then the 
twisted functions 1λ  and 2λ  are positive constants and therefore, (M, g) is a direct 
product  of 21 MM × ( )11 g,M  and ( )22 g,M  for 1211 gСg =  and 2221 gСg = . 
2. Twisted products and projective submersions of Riemannian manifolds 
A doubly twisted product manifold 21 21 ММ λλ ×  is called a twisted product if 11 =λ  
(see [1]).  is called the base and the submanifolds M( 11, gM ) 1×{y} =  are called 
leaves of the twisted product manifold 
( )y12−π
21 2 ММ λ× . On the other hand, ( )22 , gM  is 
called fiber and the submanifolds {x}× M2 = ( )x11−π  and called fibres of the twisted 
product manifold . In addition, all leaves are totally geodesic submanifolds 
and all fibres are totally umbilical submanifolds in 
21 2 ММ λ×
21 2 ММ λ× . Converse is also true 
(see [1]). Namely, let (M, g) be a simply connected semi-Riemannian manifold with 
two orthogonal and complementary integrable distributions V and H. Suppose that V 
is totally geodesic and with complete integrable manifolds. If H is totally umbilical 
then (M, g) is isometric to a twisted product 21 2 ММ λ× . In this case, we can formu-
late the following 
Theorem 2. Let a twisted product 21 2 ММ λ×  be a complete and simply connected 
Riemannian manifold. If the mixed sectional curvature of  is non-negative 
then it is isometric to a direct product 
21 2 ММ λ×
21 MM × . 
Proof. Our theorem is a corollary of the main theorem of [10] where was considered 
two orthogonal complementary integrable distributions V and H on a complete Rie-
mannian manifold (M, g). If in addition, V is totally geodesic and ∑  
for each unite vector field E
( )
=
≥
m
a
a E,Esec
1
0α
α which belongs to H at each point of M, then H is totally 
geodesic (see [10]).  In this case, by the de Rham decomposition theorem (see [11, p. 
187]) we conclude that if (M, g) is a simply connected Riemannian manifold then it is 
isometric to the direct product ( )2121 gg,MM ⊕×  of some Riemannian manifolds 
 and (  for the Riemannian metric  and  which induced by g on 
 and . 
( )11 g,M )22 g,M 1g 2g
1М 2М This completes the proof of the theorem.
We recall here the definition of pregeodesic and geodesic curves. Namely, a pre-
geodesic curve is a smooth curve γ : t ∈ J ⊂ ℝ → ( )tγ  ∈ M on a Riemannian mani-
fold (M, g), which becomes a geodesic curve after a change of parameter. Let us 
change the parameter along γ  so that t becomes an affine parameter. Then 0=∇ ХХ  
for dtdХ γ= , and γ  is called a geodesic curve. By analyzing of the last equation, 
one can conclude that either γ  is an immersion, i.e., 0≠dtdγ  for all t ∈ J, or ( )tγ  is 
a point of M.  
Let (M, g) and ( gM , ) be Riemannian manifolds of dimension n and m such that n > 
m. A surjective map ( ) ( )gMgMf ,,: →  is a projective submersion if it has maximal 
rank m at any point x of M and if ( )γf  is a pregeodesic in ( )gM ,  for an arbitrary pre-
geodesic γ  in (M, g) (see [12]). In this case, each pregeodesic line М⊂γ  which is an 
integral curve of the distribution  is mapped into a point ∗fKer ( )γf  in M . Note that 
this fact does not contradict the definition of projective submersion.  
We call the submanifolds ( ) Myf ⊂−1  for an arbitrary Му∈ as fibers. All fibers of 
an arbitrary projective submersion are totally geodesic submanifolds (see [12] and 
[13]). Putting Vx ( )хfKer ∗= , for any Mx∈ , we obtain an integrable vertical distri-
bution V  which corresponds to the totally geodesic foliation of M determined by the 
fibres of f, since each Vx ( )yfTx 1−=  coincides with tangent space of ( )уf 1−  at x for 
. Let H be the complementary distribution of V determined by the Rieman-
nian metric g, i.e. H 
( ) yxf =
x = V x⊥ at each x ∈ M where Hx is called the horizontal space at x 
We have proved in [12] and [13] that the horizontal distribution H  is integrable with 
totally umbilical integral manifolds. So, (M, g) admits two complementary totally 
geodesic and totally umbilical foliations, whose leaves intersect perpendicularly. If 
(M, g) is a simply connected Riemannian manifold and the integral manifolds of H  
are geodesically complete then (M, g) is isometric to a twisted product 21 2 ММ λ×  
such that the maximal integral manifolds of V  and H  correspond to the canonical fo-
liations of the product  (see [1]).  21 MM ×
The converse is also true in local case. Namely, for an arbitrary twisted product 
21 2
ММ λ×  the natural projection 2212 2: MММ →×λπ  is a locally projective sub-
mersion. 
We make here two observations before formulating a conclusion. Firstly, if we sup-
pose the geodesic completeness of (M, g), then the integral manifolds of are geodesi-
cally complete automatically. Secondary, it well known by the Hopf–Rinow theorem 
that any connected geodesically complete Riemannian manifold is a complete Rie-
mannian manifold. Then the following statement is a corollary of Theorem 2. 
Corollary 2. Let (M, g) be an n-dimensional complete and simply connected Rieman-
nian manifold with non-negative sectional curvature. If (M, g) admits a projective 
submersion ( ) ( gMgMf ,,: → ) onto another m-dimensional (m < n) Riemannian 
manifold ( gM , ) then it is isometric to a direct product ( )2121 gg,MM ⊕×  of some 
Riemannian manifolds ( )  and 21 g,M ( )21 g,M  such that maximal integral manifolds of 
 and  correspond to the canonical foliations of the product ∗fKer ( ⊥∗fKer ) 21 MM × . 
Another corollary follows from Theorem 1.   
Corollary 3. Let (M, g) be an n-dimensional complete and simply connected Rieman-
nian manifold and ( ) ( )gMgMf ,,: →  be a projective submersion onto another m-
dimensional (m < n) Riemannian manifold ( )gM , , then  (M, g) is a twisted product  
 of some Riemannian manifolds 21 2 ММ λ× ( )11, gM  and ( )22 , gM . If 21 2 ММ λ×  has 
a nonpositive mixed scalar curvature smix and ( ) ( gMLgard ,log 121 ∈∗ λπ ) , then it 
isometric to a direct product ( )2121 gg,MM ⊕×  such that maximal integral mani-
folds of  and (  correspond to the canonical foliations of ∗fKer )⊥∗fKer 21 MM × . 
3. Double warped products and warped products manifolds 
A doubly warped product manifold (M, g) is a twisted product manifold 21 21 ММ λλ ×  
where →21 М:λ  ℝ  and →12 М:λ  ℝ are positive smooth functions (see [14]). 
These functions are called warping functions. A doubly warped product 21 21 ММ λλ ×  
carries two orthogonal complementary totally umbilical foliations with closed mean 
curvature vectors Vξ  and Hξ  because in this case we have the equalities 
( ) 11 loglog2 λλπξ gradgradV −=−= ∗  and ( ) 22 loglog1 λλπξ gradgradH −=−= ∗ , re-
spectively (see also [1]). Then the formula (1.2) can be rewrite in the following form  
( )21log λλΔ  = 2221mix loglog 11 λλ gradgrads mn mnmm − −−− ++−          (3.1) 
where ( iii gradgradggrad λλλ log,loglog 2 = )  for an arbitrary i = 1, 2. . There-
fore, if  ≤ 0 then the function mixs ( )21log λλ  is subharmonic because ( )21log λλΔ  ≥ 0. 
At the same time, we know that on a complete Riemannian manifold (M, g) each sub-
harmonic function →Мf :  ℝ whose gradient has integrable norm on (M, g) must ac-
tually be harmonic (see [15, p. 660]). In our case it means that ( 21log )λλΔ  = 0. Then 
from (3.1) we obtain 11 C=λ  and 22 C=λ  for some positive constants C1 and C2. 
Therefore, the following theorem holds. 
Theorem 3. Let (M, g) be a complete double-warped product  of Rie-
mannian manifolds ( )  and 
21 21 ММ λλ ×
11 g,M ( )22 g,M  such that the mixed scalar curvature 
is nonpositive. If the gradient of 
mixs  
( )21log λλ  has integrable norm (M, g), then 11 C=λ  
and 22 C=λ  for some positive constants C1 and C2 and therefore, (M, g) is the direct 
product of ( )11 g,M  and ( )22 g,M  for 111 gСg =  and 221 gСg = . 
Remark. We argue that our Theorem 3 complements the results of the paper [15] 
where was proved that if the mixed sectional curvature of a complete doubly warped 
product manifold  is non-negative then the warping functions 21 21 ММ λλ × 1λ  and 2λ  
are constants. 
Twisted products are generalizations of warped products. For a warped product 
 the function 21 2 ММ λ× 2λ  is a smooth positive function →12 :Мλ  ℝ (see [16] and 
[17]). In this case, leaves are totally geodesic submanifolds in  and fibres 
are extrinsic spheres. In addition, we recall that a submanifold of a Riemannian mani-
fold is called an extrinsic sphere if it is a totally umbilical submanifold with parallel 
mean curvature vector (see [18]). In [1] was proved the following statement: Let (M, 
21 2 ММ λ×
g) be a simply connected semi-Riemannian manifold with two orthogonal and com-
plementary integrable distributions V and H such that V is totally geodesic and with 
complete leaves and integrable manifolds of H are extrinsic spheres. Then (M, g) is 
isometric to a warped product. 
Let (M, g) be a warped product 21 2 ММ λ×  of two Riemannian manifolds ( )11 g,M  
and . The well known curvature identities (see [19, p. 211]) ( 22 g,M )
( )2
2
11 λλπ HessRicRic
mn −−=∗ , 
( ) ( ) ggradgradgmnRicRic ∗∗∗ ⎟⎟⎠
⎞
⎜⎜⎝
⎛ −−−Δ−= 2
2
222
2
21
22 2
,1 πλ
λλπ
λ
λπ , 
relating the Ricci curvature Ric of (M, g) and the Ricci curvatures Ric1 and Ric2 of 
(M1, g1) and (M2, g2), respectively. In these identities 21λΔ is the Laplacian of 2λ  for 
g1 and .  2
2
22 gg λπ =∗
From the above identities we obtain two equations  
( )( )Rictraces gmn ∗−=Δ − 11221 11 πλλ                                    (3.2) 
( )( ) ( ) 22222212 21 12 λλπλλ gradmnRictraces gmn −−−−=Δ ∗−            (3.3) 
where ( )22122 , λλλ gradgradggrad = , ( ) (∑
=
∗ =
m
a
aag EERicRictrace
1
1 ,
1
π )
)
 and 
. In first case, if we assume that ( ) (∑
+=
∗ =
n
m
g EERicRictrace
1
2 ,
2 α
ααπ Rictraces g ∗≥ 11
1
π  
then from (3.2) we obtain 21λΔ  ≥ 0 and therefore the warped function →12 :Мλ  ℝ is 
subharmonic. It is well known that Yau showed in [20] that every non-negative Lp -
subharmonic function on a complete Riemannian manifold must be constant for any p 
> 1.  Therefore, if (  is a complete manifold such that its scalar curvature 
 and  for some 
)11 g,M
Rictraces g11 ≥ ∫ ∞<
1
12M g
pdVλ 1>p  then from (3.2) we conclude that 
the warped function 2λ  is constant. At the same time, a warped product 21 2 ММ λ×  
with a constant warping function 2λ = C2 > 0 can be considered as a direct product 
 of  and 21 ММ × ( )11 g,M ( )22 g,M  for 221 gСg = . Summarizing the above arguments 
we can formulate the following 
Theorem 4. Let (M, g) be a warped product 21 2 ММ λ×  of two Riemannian manifolds 
 and  such that the base ( )11 g,M ( 22 g,M ) ( )11 g,M  of 21 2 ММ λ×  is a complete mani-
fold and  for the scalar curvature sRictraces g
∗≥ 11
1
π 1 of ( )11 g,M  and for the Ricci 
tensor Ric of 21 2 ММ λ× . If  for some 1∫ ∞<
1
12M g
pdVλ >p  then 22 C=λ  for some 
positive constant C2 and therefore, (M, g) is the direct product  of 21 ММ × ( )11 g,M  
and ( )22 g,M  for 222 gСg = . 
In the second case, if we assume that Rictraces g
∗≥ 22 2π  then from (3.3) we obtain  
21λΔ  ≤ 0 and therefore the warped function →12 :Мλ  ℝ is superharmonic. In this 
case, if (M, g) is a complete Riemannian manifold and ( gMLgrad ,12 ∈λ ), then su-
perharmonic function 2λ  is harmonic (see the Lemma in Appendix). Thus, we can 
formulate an analogue of the previous theorem. 
Theorem 5. Let (M, g) be a warped product 21 2 ММ λ×  of two Riemannian manifolds 
 and  such that the base ( )11 g,M ( 22 g,M ) ( )11 g,M  of 21 2 ММ λ×  is a complete mani-
fold and  for the scalar curvature sRictraces g
∗≤ 22 2π 2 of ( )22 , gM  and for the Ricci 
tensor Ric of 21 2 ММ λ× . If ( )gMLgrad ,12 ∈λ  then 22 C=λ  for some positive 
constant C2 and therefore, (M, g) is the direct product  of  and 21 ММ × ( 11 g,M )
( )22 g,M  for 221 gСg = . 
If we assume that ( ) 212 +−= mnu λ then the following equation holds (see [21]) 
( ) ( ) ( ) ( )132111
4 +−−−+−=Δ+−
− mnmnusussu
mn
mn                               (3.4) 
for n ≥ 3. In turn, if  and  then from the equations (3.4) followed1ss ≤ 02 ≥s 01 ≥Δ u , 
i.e. u is a subharmonic function on ( )11 g,M . Therefore, if we suppose that ( )11 g,M  is 
a complete manifold and ( ) 212 +−= mnu λ  is Lp-function on ( )11 g,M  for some p > 1 then 
the warped product function 2λ  is a positive constant. In particular, for n = m + 3 the 
equation (3.4) can be rewritten in the form ( )ussu −=Δ 113 . In this case, if 1ss ≤  then 
u is a subharmonic function on ( )11 g,M . Thus we have the following result. 
Theorem 6. Let  be a warped product such that its base ( s a 
complete manifold. If the warping function 
21 2 ММ λ× )11 g,M  i
( ) 21
2
+−mnλ  ∈ ( )11, gMLp  for some p > 1 
and the scalar curvatures s, s1 and s2 of 21 2 ММ λ×  and of its base and fibre, respec-
tively, satisfy one of the two following conditions:   
1.  and 0  for any n ≥ 3; 1ss ≥ 2 ≤s
2.  for =3, then 1ss ≤ mn − 2λ  is a positive constant C2 and therefore, (M, g) is iso-
metric to the direct product 21 ММ ×  of ( )11 g,M  and ( )22 g,M  for 221 gСg = . 
4. Einstein warped product manifolds  
Let the warped product  be an n-dimensional (n ≥ 3) Einstein manifold, i.e. 21 2 ММ λ×
gsRic
n
=  for the constant scalar curvature s of 21 2 ММ λ× . In this case, ( )22 , gM  is 
an Einstein manifold too (see [16]). It means that for  we have 3≥− mn
22
2 g
s
Ric
mn −=  where Ric2 and s2 are the Ricci tensor and the constant scalar curva-
ture of ( , respectively. In addition, the following equation holds  )22 , gM
( ) ⎟⎠
⎞⎜⎝
⎛
−−+−−=Δ mn
s
n
sgradmn 22
2
222
21 λλλλ .                    (4.1) 
On the other hand, for gsRic
n
=  the equation (3.3) can be rewritten in the form 
( ) 22222212 1 λλλλ gradmnss nmn −−−⎟⎠
⎞⎜⎝
⎛ −=Δ − .                  (4.2) 
From (4.1) and (4.2) we obtain 
( ) ⎟⎠
⎞⎜⎝
⎛ −−−⎟⎠
⎞⎜⎝
⎛ −=Δ 2222 112 212 λλλλ gradmnsn .                     (4.3) 
and  
( ) ( ) ⎟⎠⎞⎜⎝⎛ −−++=− 2222222 112 λλλ gradmnss nmn .                  (4.4) 
Now let us analyze the equations (4.1) – (4.4). Firstly, if s > 0 then from (4.4) we ob-
tain s2 > 0. In this case, from (4.4) we conclude that ( ) 12 222 −−≤ smn
snλ . Secondary, 
we consider the equation (4.1). For this case, we recall the well known statement from 
[20]. Namely, if f is a smooth function defined on a complete Riemannian manifold 
(M, g) satisfies the equality 0≥Δ ff , then either ∫ =M gp dVf 0 for all 1≠p  or f = 
constant. It means that if is complete manifold such that 21 2 ММ λ× ( )smn
sn
−≥
22
2λ  for 
s > 0 and  for some∫ ∞<
1
12M g
pdVλ 1≠p  then from (4.1) we obtain that λ2 
( )smn
sn
−=
2 is constant and therefore (M, g) is the direct product 21 ММ ×  of 
and ( )11 g,M  ( )22 g,M  for 221 gg λ= . In addition, we note that from the equalities   
( )smn
sn
−≥
22
2λ  and ( ) 12 222 −−≤ smn
snλ  follows ( ) 1222 ≥−≥ smn
snλ . 
Thirdly, we consider the equation (4.3).  In this case, if we assume that s < 0 and 
 for ∫ ∞<
1
12M g
pdVλ 1≠p  and 12 ≤λ , then we conclude that 02 =Δλ  and 12 =λ . On 
the other hand, if we assume that s < 0 and ∫ ∞<
1
12M
gdVgrad λ  for 12 ≥λ , then we 
conclude that 02 =Δλ  and 12 =λ  (see the Lemma in Appendix). Summarizing the 
above arguments we can formulate the following statement. 
Corollary 4. Let  be an n-dimensional (n≥ 3) Einstein warped product of 
two Riemannian manifolds  and 
21 2 ММ λ×
( 11 g,M ) ( )22 g,M  such that the m-dimensional 
( ) base f 3≥− mn ( )11 g,M  o 21 2 ММ λ×  is complete manifold. 
1) If ( ) 1222 ≥−≥ smn
snλ   for the positive  constant scalar curvatures s2 and s of 
 and , respectively and  ( )22 g,M 21 2 ММ λ× ( )112 , gMLp∈λ  for some 1≠p ,  then 
λ2 ( )smn
sn
−=
2  and therefore (M, g) is the direct product  of 21 ММ × ( )11 g,M  
and ( )22 g,M  for 221 gg λ= . 
2) If the scalar curvature s of 21 2 ММ λ× is negative and  for some ( 112 , gMLp∈λ )
1≠p  and 12 ≤λ , then 12 =λ  and therefore (M, g) is the direct product 21 ММ ×  
of ( )  and ( )  11 g,M 22 , gM .
3) If the scalar curvature s of 21 2 ММ λ× is negative and ( )1112 , gMLgrad ∈λ  for 
12 ≥λ , then 12 =λ  and therefore (M, g) is the direct product  of 21 ММ × ( )11 g,M  
and ( ). 22 , gM
If the warped product  is an n-dimensional (n ≥ 3) Einstein manifold, then 
(3.2) can be rewritten in the form 
21 2 ММ λ×
 ⎟⎠
⎞⎜⎝
⎛ −=Δ − ss n
m
mn 1221
1 λλ ,                                      (4.5) 
If  is a complete manifold such that ( 11 g,M ) ss n
m≥1  and  for 
some
∫ ∞<
1
12M g
pdVλ
1≠p , then from (4.5) we conclude that the warped function 2λ  is constant and 
ss
n
m=1  = constant. On the other hand, ss n
m≥1  and ∫ ∞<
1
12M
gdVgrad λ , then 
from (4.5) we conclude that the warped function 2λ  is constant and ss n
m=1  = con-
stant (see the Lemma in Appendix). We proved the following 
Corollary 5. Let  be an n-dimensional (n≥ 3) Einstein warped product of 
two Riemannian manifolds ( )  and 
21 2 ММ λ×
11 g,M ( )22 g,M  such that the base ( )11 g,M  of 
 is an m-dimensional complete manifold and 21 2 ММ λ× ss n
m≥1  (resp. ss n
m≤1 ) for 
the scalar curvature s1 of  and for the constant scalar curvature s of 
. If  for some 1
( 11 g,M )
)21 2 ММ λ× ( 112 , gMLp∈λ ≠p  (resp. ( 1112 , gMLgrad ∈λ )) then 
ss
n
m=1  = constant and 22 C=λ  for some positive constant C2 and therefore (M, g) is 
the direct product  of 21 ММ × ( )11 g,M  and ( )22 g,M  for 221 gСg = . 
Remark. Corollaries 4  and 5 generalize and complement the main theorem on an 
Einstein warped product with compact base in [16]. 
5. Appendix.  
In conclusion, we consider superharmonic function on complete, non-compact Rie-
mannian manifolds and prove the following lemma which is an analogy of the Yau 
proposition from [15, p. 660]) in which he has argued that on a complete non-compact 
Riemannian manifold each subharmonic function whose gradient has integrable norm 
on (M, g) must be harmonic.  
Lemma. If (M, g) is a complete Riemannian manifold without boundary, then any su-
perharmonic function  with MCf 2∈ ( )gMLfgrad ,1∈  is harmonic.  
Proof. On the one hand, if we assume that ϕ = − f  for any superharmonic function 
 then the conditions MCf 2∈ 0Δ ≤f  and ( )gMLfgrad ,1∈  which must be satisfy 
for the superharmonic function f can be written in the form Δ ϕ ≥ 0 and 
( gMLgrad ,1∈ϕ ). In this case, using the Yau statement we conclude that Δ ϕ = 0 
and hence f = − ϕ  is a harmonic function.  
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